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o The channel over which the signal Is transmitted Is limited
In bandwidth to an interval of frequencies centered about
the carrier.

o Slignals and channels (systems) that satisfy the condition
that their bandwidth i1s much smaller than the carrier
frequency are termed narrowband band-pass signals and
channels (systems).

o WIth no loss of generality and for mathematical
convenience, It Is desirable to reduce all band-pass signals
and channels to equivalent low-pass signals and channels.
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o Suppose that a real-valued signal s(t) has a frequency content
concentrated in a narrow band of frequencies in the vicinity of
a frequency f,, as shown in the following figure:

1S
Spectrum of a band-pass signal.
—.Iﬁ- 0 j

Our object is to develop a mathematical representation of such

signals.
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o A signal that contains only the positive frequencies in s(t) may
be expressed as:
S,(f)=2u(f)S(f)
s, (t) j-_oo S, (f)-e'*""df

=F [ 2u(f) [« F[s(f)]
where S( f) Is the Fourier transform of s(t) and u( f) Is the unit

step function, and the signal s.(t) is called the analytic signal or
the pre-envelope of s(t).

Fl2u(f)] =5-(t)+ﬁ

S, (t):{5(t)+l}*s(t)=s(t)+ iLas(t)

7t 7t

s(t)+ js(t)
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o A filter, called a H|Ibert transformer, IS defined as:
1
h(t)=—, —-oco<t<o
M
o The signal s(t) may be viewed as the output of the Hilbert
transformer when excited by the input signal s(t).
o The frequency response of this filter is:
-j (f>0)
H()=["h(t)e " dt==]" %e‘jz”ftdt _lo (f=0)
—0 JT ¥ —®
i (f<0)
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o We observe that |[H( f)|=1 and the phase response ®( f )=-n/2
for f >0 and ®( f )=n/2 for f <0. Thus, this filter is basically a

90 degrees phase shifter for all frequencies in the input signal.

o The analytic signal s.(t) Is a band-pass signal. To obtain an
equivalent low-pass representation, we define:

S, (f)=S,(f+f,)

5 (t)=s, (t)e ¥ = {s(t)ju j g(t)} o127

o In general, s,(t) Is complex-valued:

s, (t)=x(t)+ jy(t)

s(t)=x(t)cos2z ft—y(t)sin2zft

g(t) = x(t)sin2z ft+y(t)cos2z f t

7
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s(t)=x(t)cos2nf_t-y(t)sin2xf.t is the desired form for the
representation of a band-pass signal. The low-frequency signal
components x(t) and y(t) may be viewed as amplitude
modulations impressed on the carrier components cos2xf_.t and
sin2nxf t, respectively.

X(t) and y(t) are called the quadrature components of the band-
pass signal s(t). .
s(t) can also be written as: |50+ 33(1) =5 (e

— |
s(t)=Re{[ x(t)+ jy(t) |e’**} =Re[ 5, (t)e’*" |
The low pass signal s(t) Is usually called the complex envelope

of the real signal s(t) and is basically the equivalent low-pass
signal.
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o Sy(t) can be also be written as:
s, (t)=a(t)e

where a(t \/x y*(t) and 6(t)=t ‘1w

o S(t) can be represented as:
s(t)=Re[s (t)e*™ | = Re[a(t)ej[z””*e(‘”}
=a(t)cos| 2z ft+0(t)]

a(t) is called the envelope of s(t), and 6(t) is called the phase of
s(t).



o Three equivalent representations of band-pass signals:

o The Fourier transform of s(t) is:

S(f)= 'Eos(t)e“'z”ﬂdt = Ji{Re[s, (t)ejz”fct]} e 1&gt

e

10
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o The energy in the signal s(t) is defined as:

o0 o0

e=["s?(t)di =" {Re[s, ()| dr  |Re(&)=5(£+&)

Slzej47zfct n 28, SI* n (SI* )2 e—j4;zfct dt S, (t) _ a(t)eje(t)

.o . '[‘4 o [ j4nfct+249('[)/*2—(j4”fct+2‘9(t))
(1) t+ ), |a®e +(a'(t) e at

M
I

N, N~ P

s, ()| dt +%.°°o s, ()| cos[ 4z f,t+26(t)]dt

where |s, (t)

‘2

11
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o Since the signal s(t) is narrow-band, the real envelope a(t)=|s, (t)|
or, equivalently, a#(t) varies slowly relative to the rapid
variations exhibited by the cosine function.

a?(t)
= n’ﬂ " \(\ | N I Nﬁ"‘” T\- rr\. n’n;// cos[4mf.t + 20 (D]

u,u,U-/“L'LL*“\J |

LY YYyuY

o The net area contributed by the second integral is very small
relative to the value of the first integral, hence, it can be
neglected. il e

5:—j‘g
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o A linear filter or system may be described either by its impulse
response h(t) or by its frequency response H( f ), which is the
Fourier transform of h(t). Since h(t) is real, H™(-f )=H( f),

because: H*(_f):(j:h(t)e—jzn(—f)tdt)

o —00

=" h"(t)e’*"dt  Note that h(’g,)'/is real.

® OO

=| h(t)e*"dt=H(f)

(f>0)
(f<0) /

1

* 0 7/ (f>0)
then H, (—f—fc):{H*(_f):H(f) (f<0)

13

o Define H, (f - fC):{Hgf)
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Representation of Linear Band-Pass Systems

thus

where [*H/(~f - f,)e/*""df usingx=—f —f,

_ _°° Hr(x)e—jznxtdx_e—jzﬂfct

*

:( _oo HI (X)ej27zxtdx) .e—j27zfct _ hl* (t).e—janCt

o h(t) Is the inverse Fourier transform of H,( f).

o Ingeneral, the impulse response h,(t) of the equivalent low-pass
system is complex-valued.

14
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o We have shown that narrowband band-pass signals and systems
can be represented by equivalent low-pass signals and systems.

o We demonstrate in this section that the output of a band-pass
system to a band-pass input signal is simply obtained from the
equivalent low-pass input signal and the equivalent low-pass
Impulse response of the system.

o The output of the band-pass system is also a band-pass signal,
and, therefore, it can be expressed in the form:

r(t)= Re[lrI (t)ejz”fct]

where r(t) is related to the input signal s(t) and the impulse
response h(t) by the convolution integral.

r(t)zjjos(r)h(t—r)dr

15
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o The output of the system in the frequency domain is:

R(1)=S(NH (1)
1

= 2[Si(F = f)+ 87 (= F = f) J[H (f = f)+ HI (= = £)
o For anarrow band signal, S,( f-f.)=0 for f <0 and H",(-f-f.)=0 for f >0.
S, (f—f)H (-f—-f)=0 P.13

o For a narrow band signal, S*,(-f-f,)=0 for f >0 and H,( f-f.)=<0 for f <0.

. S (—f—f)H,(f-f)=0 Tha

R(F) =28 (f = fo)Hi (f = £ )+ 87 (= F = ) HI (=~ )|

-RIRUSORREE0] [
n(t)zjisl (7)h (t—7)dz

16
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o In this section, we extend the representation to sample

functions of a band-pass stationary stochastic process. In
particular, we derive the relations between the correlation
functions and power spectra of the band-pass signal and the
correlation function and power spectra of the equivalent low-

pass signal.

Suppose that n(t) is a sample function of a wide-sense
stationary stochastic process with zero mean and power spectral
density @ (f). The power spectral density is assumed to be
zero outside of an interval of frequencies centered around f_,
where f. is termed the carrier frequency. The stochastic
process n(t) is said to be a narrowband band-pass process if the

width of the spectral density is much smaller than f..

17



Representation of Band-Pass Stationary
Stochastic Processes

o Under this condition, a sample function of the process n(t) can
be represented by the following equations:

o a(t) is the envelope and 6(t) is the phase of the real-valued signal.

o X(t) and y(t) are the quadrature components of n(t).

o Z(t) is called the complex envelope of n(t).

o 1 n(t) is zero mean, then x(t) and y(t) must also have zero mean values.
o The stationarity of n(t) implies that:

by (7)=0,,(7) Proved next.
¢xy (T) = _¢yx (T)

18
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Proof of ¢, (7)=4¢,,(7) and ¢, (7)=—¢,,(7)
Autocorrelation function of n(t) is:

b () =E[n(t)n(t+7)]
- E{[x(t)cos 2z ft—y(t)sin2z fct]

x[x(t+z')C0827rfC (t+7)-y(t+z)sin2zf, (t+7)]}
=@, (r)cos2zftcos2zf (t+7)+q, (7)sin2zftsin2zf, (t+7)

— ¢, (7)sin2zftcos2zf (t+7)—¢,, (v)cos2z ftsin2zf (t+7)

by using: |cos Acos B =%[COS(A— B)-+cos(A+ B)]
sin Asin B =%[cos(A—B)—cos(A+ B)]
sin Acos B :%[sin(A—B)+sin(A+ B)]

19
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Stochastic Processes

We can obtain:

¢ (7)=E [n(t) n(t+ 2')]

= %[% (r)+4¢, (7)|cos2rfr +%[¢XX (r)-¢, (z) |cos2zf, (2t +7)

[, (7) =0 (1) Jsin 21,02 [ 8, () + 4, (7) Jsin2z , (2t+7)

Since n(t) is stationary, the right-hand side must be independent of t.
As aresult, ¢ (7) =4, (7) and ¢ (7) =4, (7) | QED.

T g ()= gue)emsorte g, (rJsnorte

Note that this equation is identical in form to:

n(t)=x(t)cos2z fit—y(t)sin2zft

20
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o The autocorrelation function of the equivalent low-pass process
Z(t)=x(t)+]y(t) is defined as:

1

&, (7) =EE[Z* (t)z(t+r)]

1

(1) = [0 (2) 4, (7)= 10 (7)+ 14, (7)]

Since @, (1)=¢,,(t) and @, (T)= -y, (1)
we obtain: |@,,(T)=0s(T)+ ]0y,(7)
o This equation relates the autocorrelation function of the

complex envelope to the autocorrelation and cross-correlation
functions of the quadrature components.

21



Representation of Band-Pass Stationary
Stochastic Processes

o By combining ¢, (z)=g¢,(7)+ jd,(7)
and 1/ (T)=¢XX (r)COS 2rfr—9, (r)sin 2 f.r

o Therefore, the autocorrelation function ¢,,(t) of the band-pass
stochastic process is uniquely determined from the
autocorrelation function ¢,,(t) of the equivalent low-pass
process z(t) and the carrier frequency f..

o The power density spectrum of the stochastic process n(t) is:

22
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o Properties of the quadrature components
o by(7)=¢,(-7) (Ch2,P.99)

¢xy (T):_ yX (T) (P18)

= Xy (T):_ Xy (_T)
= ¢, (7) isan odd function of z => ¢, (0)=0

=>X,y uncorrelated for t=0

° If ¢, (z)=0forall z, then ¢, (7) is real (from page 21) and
the power spectral density satisfies @, (f )=®,, (- 1)

(i.e. @, (f) is symmetric about f =0). (1) =0 (T)+ J0,5(7)

23
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o Representation of white noise

o White noise Is a stochastic process that is defined to have a flat
(constant) power spectral density over the entire frequency
range. This type of noise can’t be expressed in terms of
quadrature components, as a result of its wideband character.

o In the demodulation of narrowband signals in noise, it is
mathematically convenient to model the additive noise process
as white and to represent the noise in terms of quadrature
components. This can be accomplished by postulating that the
signals and noise at the receiving terminal have passed through
an ideal band-pass filter.

24
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o Representation of white noise (cont.)

o The noise resulting from passing the white noise process
through a spectrally band-pass filter is termed band-pass

white noise and has the power spectral density:
,,,(/)

i @> e

o fe
o The band-pass white noise can be represented by:

o
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o Representation of white noise (cont.)
o The equivalent low-pass noise z(t) has a power spectral

density: FN (‘ f ‘ <£Bj
° "2

0 Uu>lej
\ 2

(Dzz(f):<

4 (z') _N, Sin;:_BT

and ¢, (7) = Ny5(7)

B—wo

o The power spectral density for white noise and band-pass
white noise Is symmetric about f =0, so ¢,,(t)=0 for all 7.

$:(7) = 4 (7) =4, (7)

g

b (7)=7

1

[62(6) 4, (1) i, (5)+ 6, ()]

26
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o We will demonstrate that signals have characteristics that are
similar to vectors and develop a vector representation for signal
waveforms.

o Vector Space Concepts

o A vector v in an n-dimensional space Is characterized by its n
components [v, V, ... v,] and may also be represented as a
linear combination of unit vectors or basis vectors g;, 1<i<n,

v=>) Ve
1=1
o The inner product of two n-dimensional vectors is defined as:

n
ViV, = ZvliVZi
i1

27
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A set of m vectors v,, 1<k<m are orthogonal if:
vi-v;=0forall1<i, j<m, and 1 # .
The norm of a vector v is denoted by ||v|| and is defined as:

M=oy = S

A set of m vectors is said to be orthonormal if the vectors are
orthogonal and each vector has a unit norm.

A set of m vectors is said to be linearly independent if no one
vector can be represented as a linear combination of the
remaining vectors.

Two n-dimensional vectors v, and v, satisfy the triangle
inequality: v, +vo] < v v |

28



Vector Space Concepts

o Cauchy-Schwarz inequality:
VRAN RS
o The norm square of the sum of two vectors may be expressed as:
[vi v [ =[]+ v +2v,0 v,
o Linear transformation in an n-dimensional vector space:
v =Av
o Inthe special case where v’=iv, Av = Av

the vector v Is called an eigenvector and A Is the corresponding
eigenvalue.

29



Vector Space Concepts

o Gram-Schmidt procedure for constructing a set of
orthonormal vectors.

o Arbitrarily selecting a vector v, and normalizing its length:

\Y
_ "1
U, =

Jv. |
o Select v, and subtract the projection of v, onto uj.

u,=v,—(v,-u)u,

o Normalize the vector u,” to unit length. y_ =

HuéH
¥

o By continuing this procedure, we construct a set of
orthonormal vectors.

o Selecting V3! uy=v,-(v,-u,)u,-(v,-u,)u, U

30



®

Signal Space Concepts %\//“;g

Sraps T
The inner product of two generally complex-valued signals x,(t)
and X,(t) is denote by < x,(t),x,(t)> and defined as:

(% (t) %, (t)) = j: x, (t)X; () dt

The signals are orthogonal if their inner product is zero.
The norm of a signal is defined as:

(o) = (7 x(of o)

A set of m signals are orthonormal if they are orthogonal and
their norms are all unity.

A set of m signals Is linearly independent, if no signal can be
represented as a linear combination of the remaining signals.

31



Signal Space Concepts

o The triangle inequality for two signals is:

[ (1), ()] < x ()] . (1)
o The Cauchy-Schwarz inequality Is:
bel(t)x;‘ (t)dt jb x (t)[ dt jb

with equality when x,(t)=ax,(t), where a is any complex
number.

< X, (1) dt

el

32



Orthogonal Expansions of Signals é//;;:i;

aloﬂ”’mu nigato™® ’ % e
S ABS

o Suppose that s(t) is a deterministic, real-valued signal with finite
energy: ) ,
e,=[ [s(t)] dt

o Suppose that there exists a set of functions {f.(t), n=1,2,...,K}
that are orthonormal In the sense that:

| M, (t)dt={° m 1)

1 (m=n)

o We may approximate the signal s(t) by a weighted linear
combination of these functions, i.e.,

g(t):kZK;sk f, (1)

33
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o The approximation error incurred Is:

e(t)=s(t)—s(t)

o The energy of the approximation error:

- ji[s(t)—g(t)}z dt - ji{s(t)—gsk | (t)T it

o To minimize the energy of the approximation error, the
optimum coefficients in the series expansion of s(t) may be
found by:

o Differentiating Equation (*) with respect to each of the coefficients {s,}
and setting the first derivatives to zero.

o Use a well-known result from estimation theory based on the mean-
square-error criterion, which is that the minimum of ¢, with respect to
the {s,} is obtained when the error is orthogonal to each of the functions
In the series expansion.

34
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Using the second approach, we have:

o K
j {s(t)—Zsk f (t)} f,(t)dt=0, n=12,..,K
e k—1
Since the functions {f (t)} are orthonormal, we have:
S, =f s(t) f,(t)dt, n=12,..,K

Thus, the coefficients are obtained by projecting the signals s(t)
onto each of the functions.

The minimum mean square approximation error Is:

emn = | e(t)s(t)dt=["[s(t)] dt—jigsk f,(t)s(t)dt

35
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o When the minimum mean square approximation error g,;,=0,
g, = kz_llskz :j_oo[s(t)
o Under such condition, We_may express s(t) as:
K
=25 fi (1)
k=1

o When every finite energy signal can be represented by a series
expansion of the form for which ¢.,;,=0, the set of orthonormal
functions {f (t)} is said to be complete.

36
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o Gram-Schmidt procedure

o Constructing a set of orthonormal waveforms from a set of
finite energy signal waveforms {s;(t), 1=1,2,...,M}.

o Begin with the first waveform s, (t) which has energy «;.
The first orthonormal waveform is:

fi(t)= S\l/(gll)

o The 2nd waveform is constructed from s,(t) by first
computing the projection of f,(t) onto s,(t):

Co = | s, (t) fi(t)dt
o Then ¢y, f,(t) Is subtracted from s,(t):

f,(t)=s,(t)—c,f(t)

37
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o Gram-Schmidt procedure (cont.)

o If &, denotes the energy of f,’(t), the normalized waveform
that is orthogonal to f,(t) is:

f, (t) - f\z/g)

o In general, the orthogonalization of the kth function leads to

f (t)= f\'}i_:) where f, (t)=s, (T)_sz‘cik f, (t)

G =[ s (t)fi(t)dt, =12, k-1

o The orthogonalization process Is continued until all the M
signal waveforms have been exhausted and N< M
orthonormal waveforms have been constructed.

38
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o Gram-Schmidt procedure (cont.)

o Once we have constructed the set of orthonormal waveforms
{f,(1)}, we can express the M signals {s,(t)} as linear
combinations of the {f (t)}:

N
s ()= s,f,(t), k=12..,M
n=1

o N
= [ [0 dt= 3350, =[5

S =[St Skz - Sen |

o Each signal may be represented as a point in the N-
dimensional signal space with coordinates {s,;, 1=1,2,...,N}.

39
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o Gram-Schmidt procedure (cont.)

o

The energy In the kth signal is simply the square of the
length of the vector or, equivalently, the square of the
Euclidean distance from the origin to the point in the N-
dimensional space.

Any signal can be represented geometrically as a point in
the signal space spanned by the {f (t)}.

The functions {f (t)} obtained from the Gram-Schmidt
procedure are not unique.

If we alter the order in which the orthogonalization of the
signals {s,(t)} is performed, the orthonormal waveforms
will be different

Nevertheless, the vectors {s,(t)} will retain their geometrical
configuration and their lengths will be invariant to the
choice of orthonormal functions {f (t)}.

40
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o Consider the case in which the signal waveforms are band-pass
and represented as:

Sy (1) = Re[s,m (t)ejz”fct], m=12,..M

& —j d'[——J. ‘S,m ‘ dt (Page 12)

o Similarity between any pair of signal waveforms is measured
by the normalized cross correlation:

mj t)dt = Re{z\/gl,?k [ sm(t)si (t)dt}

o Complex-valued cross-correlation coefficient p,, Is defined as:

P = j S|m S||<( )dt

255k

41
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o Re(pun) = Losm (t)s, (t)dt
gmgk

S-S S _-S
Re ,0 — m k — m k
A ST ey

o The Euclidean distance between a pair of signals is defined as:

412 =[5, -1 ={[ [ (0)-s. (0T etf

1/2
= {gm + & — 2\ Re(Pum )}
o When g_=¢,=¢ for all m and k, this expression simplifies to:

de) = {25 [1— Re( P )]}1/2

42
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o In the transmission of digital information over a communication
channel, the modulator is the interface device that maps the digital
Information into analog waveforms that match the characteristics
of the channel.

o The mapping is generally performed by taking blocks of k=log,M
binary digits at a time from the information sequence {a.} and
selecting one of M=2k deterministic, finite energy waveforms
{s,,(t), m=1,2,--- M} for transmission over the channel.

o Functional model of passbhand data transmission system

Carrier wave

[
St | Estimate
i i Communication | X0 +=>- Detector - trans'r%lri]:sion—:—}

[

|

Signal s |
channel | decoder

|

|

N N I3
transmission Modulator =t

|

|

Message | 7 | |
encoder ;
|

|
|
|
source i
|
|

Transmitter Receiver
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o The digital data transmits over a band-pass channel that can be
linear or nonlinear.

o When the mapping is performed under the constraint that a
waveform transmitted in any time interval depends on one or
more previously transmitted waveforms, the modulator iIs said to
have memory. Otherwise, the modulator is called memoryless.

o Indigital passband transmission, the incoming data stream Is
modulated onto a carrier (usually sinusoidal) with fixed frequency
limits imposed by a band-pass channel of interest.

o The modulation process making the transmission possible
Involves switching (keying) the amplitude, frequency, or phase of
a sinusoidal carrier in some fashion in accordance with the
Incoming data.

o There are three basic signaling schemes: amplitude-shift keying
(ASK), frequency-shift Keying (FSK), and phase-shift keying
(PSK). 44
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o Illustrative waveforms for the three basic forms of signaling
binary information. (a) ASK (b) PSK (c) FSK.

{WAWAWAW I WA \WAW;
AVAVAVAV, VAY; VAV,

{a)

Tp

(b)

R AWITIW I TA AN IWANE AMPAY LW\
\/\/\/UU\/U\/\/ v V\V

45
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Unlike ASK signals, both PSK and FSK signals have a constant
envelope. This property makes PSK and FSK signals impervious

to amplitude nonlinearities.

In practice, we find that PSK and FSK signals are preferred to

ASK signals for passband data transmission over nonlinear

channels.

Digital modulation technigues may be classified into coherent and
noncoherent techniques, depending on whether the receiver is

equipped with a phase-recovery circuit or not.

The phase-recovery circuit ensures that the oscillator supplying
the locally generated carrier wave in the receiver Is synchronized

(in both frequency and phase) to the oscillator supplying the
carrier wave used to originally modulated the incoming data

stream In the transmitter.
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o Pulse-amplitude-modulated (PAM) signals

o Double-sideband (DSB) signal waveform may be
represented as:

Sy (1) = Re[Ang (t)ejz”fct]

Bandpass B B
Signal f —A\ng(t)COSZ”fct, m=12,...M, 0<Zt<T
where A, denote the set of M possible amplitudes corresponding to

M=2k possible k-bit blocks of symbols.
o The signal amplitudes A, take the discrete values:
A, =(2m-1-M)d, m=12..,M (-(M-1)d..(M-1)d)
» 2d 1s the distance between adjacent signal amplitudes.

o g(t) is a real-valued signal pulse whose shape influences the
spectrum of the transmitted signal.

o The symbol rate is R/k, T,=1/R is the bit interval, and T=k/R=KT,, is
the symbol interval.
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o Pulse-amplitude-modulated (PAM) signals (cont.)
o The M PAM signals have energieS'
Epn —J- t)dt== An_‘- t)dt== Aigg
o These signals are one- dlmensmnal and are represented by:

sa(t)=5,f (1

o f(t) 1s defined as the unit-energy signal waveform given as:

f(t)= /ig(t)cosbzfct
gg
11
Sm:Am E&‘g, m=1,2,...,|\/|

o Digital PAM is also called amplitude-shift keying (ASK).

48



Memoryless Modulation Methods

o Pulse-amplitude-modulated (PAM) signals (cont.)
o Signal space diagram for digital PAM signals:

(b)y M =4

000 001 011 010 l 110 111 101 100

\ & & & ‘ o —@ L L

(c) M=8

49

-



Memoryless Modulation Methods | (—=

o Pulse-amplitude-modulated (PAM) signals (cont.)

o Gray encoding: The mapping of k information bits to the
M=2k possible signal amplitudes may be done in a number
of ways. The preferred assignment is one in which the
adjacent signal amplitudes differ by one binary digit.

o The Euclidean distance between any pair of signal points is:

e 1
) =\(s0=5.)" =[5 [~ Al =d 2, Im=n

o The minimum Euclidean distance between any pair of
signals Is:

die) =d.f2e,

min

50



Memoryless Modulation Methods (=

o Phase-modulated signals (Binary Phase-Shift Keying)

o Ina coherent binary PSK system, the pair of signals s,(t) and
S,(t) used to represent binary symbols 1 and O, respectively is
defined by

s, (t)= °E, cos(2xf.t)

T

s, (t)= /ZTEb cos(2zft+7)=- ZTEb cos( 27 ft)
b

b

where 0<¢<7, and E, is the transmitted signal energy per bit.

o A pair of sinusoidal waves that differ only in a relative phase-
shift of 180 degrees are referred to as antipodal signals.

o1
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o Phase-modulated signals (Binary Phase-Shift Keying)

o To ensure that each transmitted bit contains an integral

number of cycles of the carrier wave, the carrier frequency f.
IS chosen equal to n/T, for some fixed integer n..

o Inthe case of binary PSK, there is only one basis function of

unit energy:
40)= | = cos(2A,t),  0<t<T,
b

5, (1) =E i (1), 5, (1) =—/Ey i (1), 0<t<T,

o The coordinates of the message points are:

sy = [ s (O (Ddt=+JE, s, =["s,()g(t)dt=—JE,
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o Phase-modulated signals (Binary Phase-Shift Keying)

Decision
boundary
|
Region - ;)L___ Region
Z, 1 Z,
i
-E, i VE,
o ; = by
Message 01 Message
point | point
2 : 1
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o Phase-modulated signals (Quadriphase-Shift Keying
o Quadriphase-Shift Keying (QPSK)

,/Z—ECOS[ZﬂfCt +(2i —1)1}, 0<t<T
s (t)=<\T 4

0, elsewhere

)

where 1 =1, 2, 3, 4; E Is the transmitted signal energy per
symbol, and T is the symbol duration.

o Equivalently

s (t) = \/Z_I_ECOS[(Zi —1)%} cos(2zft) —\/ZTEsin [(Zi —1)%}sin (27ft)

o4
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o Phase-modulated signals (Quadriphase-Shift Keying
o Defined a pair of quadrature carriers:

#(t)= \/?COS(M 1), 0<t<T
¢2(t):\/35i”(27ﬁct), 0<t<T

o There are four message points, and the associated signal
vectors are defined by

" \/Ecos((Zi—l)%j ’ e

_—\/Esin((Zi —1)%)

55
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o Phase-modulated signals (Quadriphase-Shift Keying)
o Each possible value of the phase corresponds to a unique dibit.
o For example, we may choose the Gray coding.

Coordinates of

Phase F’f Message Points
Gray-encoded OPSK Signal
Input Dibit (radians) Si1 Si>
10 /4 +VE/2 —N B2
00 34 -V E/2 NS B2
01 Sal4 —VE/2 +V E/2

11 7ar/4 +V Ef2 +V E/2

e T e e . A D0 P P P o s P P ettt AT e B L RS L A b bl
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o Phase-modulated signals (Quadriphase-Shift Keying)
o Signal space diagram of coherent QPSK system

‘ir’?
Decision
boundary
Region Region
z:) Z]
Message ) Message
point m, ¢ —— —|- _UE -9 point m,
(co)y | | (10)
| i Decision
i i boundary &
—ER! O | VE2 '
| ~\ER2!
b———t =
Message Message
point ms point m,
(01) (11) Reoi
Region -
Z, Za
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o Phase-modulated signals (Quadriphase-Shift Keying)

Input

binary 0] 1 1 O 1 O 8] (8]
sequence o s o R
Dibit O1 Dibit 10 Dibit 10 Dibit OO
{cz)
Odd-numbered sequence 0O 1 1 O
Polarity of coefficient s;; —

+ +

cam I NN AN N N AN N,
AN N N T T T X

(&)

Even-numbered sequence 1 (o] O O
Polarity of coefficient s;5 + - - —

()

VA NANNYA YA WA WA NA WA
AR VARG\VAR VALY ARV ARV AR VAR
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o Phase-modulated signals (M-ary PSK)
o The M signal waveforms are represented as:

S (1)

=Re| g(t)e "Ml | m=12.M, 0<t<T
=g (t)COS|:27Z' ft +|2v|—”(m —1)}
=g (t)coslzvl—ﬂ(m —1)cos 2z f.t—g(t)sin |2\/|_7T(m —1)sin 27 f t

o Digital phase modulation is usually called phase-shift
keying (PSK).
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o Phase-modulated signals (M-ary PSK)
o Slignal space diagram for octaphase shift keying (i.e., M=8)

2
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\ VE | ms /
\(,-—*"‘“'““*- -/
- ™~
i
\ / ~
Ny /// \ / N, My
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\ i // \\ . ,f m,
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o Phase-modulated signals (M-ary PSK)
o The signal waveforms have equal energy:

1

T

gzj'gsi(t)dtzajo

gz(t)dt:%g

g

o The signal waveforms may be represented as a linear
combination of two orthonormal signal waveforms:

S (1) =S f1 (1) + 5,0, F, (1)
f,(t)= fg(t)cosznfct and f,(t)=- fg(t)sinZﬂfct

g

g

o The two-dimensional vectors s..=[s,; Sy»] are given by:

2
S = /—
gg

27
“Z(m-1
COS (m )

2
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o Phase-modulated signals (M-ary PSK)
o The Euclidean distance between signal points is:

dr(nen) — Hsm — S, H

= (8= 50) + (500 =51 = {gg [HOSZM_ﬂ(m ) ”)}}W

o The minimum Euclidean distance corresponds to the case in
which [m-n|=1, i.e., adjacent signal phases.

dle) = \/gg (1—0032—7[j
M
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o Phase-modulated signals (Offset QPSK)

o The carrier phase changes by +180 degrees whenever both the
In-phase and quadrature components of the QPSK signal
changes sign.

o This can result in problems for power amplifiers.
o The problem may be reduced by using offset QPSK.

o In offset QPSK, the bit stream responsible for generating the
quadrature component is delayed (i.e. offset) by half a symbol
Interval with respect to the bit stream responsible for
generating the in-phase component.

40)= Zeos(erds), 0<t<T
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o Phase-modulated signals (Offset QPSK)
o The two basis functions of offset QPSK are defined by

4(t)= \/gcos(Zm‘Ct), 0<t<T
4,(t) \/gsin(ZﬂfCt), LR

o The phase transitions likely to occur in offset QPSK are
confined to +90 degrees.

o However, +90 degrees phase transitions in offset QPSK
occur twice as frequently.
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o Phase-modulated signals (Offset QPSK)

|-Phase

J-Fhase

l-Phazse

2-Phase

| 2T
T - : :
| 2T;
JII./ F;I;\'% i I/ ':4\1 E Hlt JII/ Czp -
\ S N AL NAL
AT ala s o
Tow| [= \_/ \ANNS
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o Phase-modulated signals (nt/4-Shifted QPSK)

o The carrier phase used for the transmission of successive

symbols Is alternately picked from one of the two QPSK
constellations in the following figure and then the other.

tf}z {f"?.'

/%ﬁ‘w\

- —— 1t — — =

/ N AN A,

ey h I ~ g I

s N\ | % s |

‘/ . | b r |

® 0 7 0 |

. V4 | s .

\ / I // \\ I

b e -

\ / 1N
sy

(a) (b)
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o Phase-modulated signals (w/4-Shifted QPSK)

o It follows that a n/4-shifted QPSK signal may reside in any
one of eight possible phase states:

b
~_ [/ |\
AR e | %.\
P, e X
ey ~r' = -
\ ~x\ 0 ;f -
L X H.s'““f;{‘ \ J.ff
irf;._; e ’i g o <\ Gray-Encoded Input Dibit ~ Phase Change, A8 (radians)
M -
~ - 00 4
01 3/4
11 —37/4

10 — /4

e
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o Phase-modulated signals (nt/4-Shifted QPSK)
o Attractive features of the n/4-shifted QPSK scheme

o The phase transitions from one symbol to the next are
restricted to +n/4 and +3n/4.

o Envelope variations due to filtering are significantly
reduced.

o m/4-shifted QPSK signals can be noncoherently detected,
thereby considerably simplifying the receiver design.

o Like QPSK signals, n/4-shifted QPSK can be differently
encoded, in which case we should really speak of n/4-
shifted DOQPSK .

o m/4-DQPSK Is adopted in 1S-54/136.
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o Quadrature amplitude modulation (QAM)

o Quadrature PAM or QAM: The bandwidth efficiency of
PAM/SSB can also be obtained by simultaneously
Impressing two separate k-bit symbols from the information
sequence {a,} on two quadrature carriers cos2xft and

sin2xf.t.
o The signal waveforms may be expressed as:

Sy (1) =Re| (A, + jA,)g(t)e® ™ |, m=12..,M,0<t<T
_Am ()cosant—Am (t)sin2zf.t
Re[v el g e‘z”f°t]=Vmg(t)COS(27szt+c9m)
:\/AiC+AiS and 6, =tan™ (A, /A.)
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o Quadrature amplitude modulation (QAM) (cont.)

o We may select a combination of M,-level PAM and M,-
phase PSK to construct an M=M;M, combined PAM-PSK
signal constellation.

S

_Ii”f — H

M=16
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o Quadrature amplitude modulation (QAM) (cont.)

o As In the case of PSK signals, the QAM signal waveforms
may be represented as a linear combination of two
orthonormal signal waveforms f,(t) and f,(t):

S (1) = S F1 (1) + 552 T (1)

f,(t)= ig(t)cosZﬂfCt and f, (t):—\/zg (t)sin27z ft
gg

&g

Sm:[sml Sm2]2|:p\nc\/%gg Ans\/%gg:|

o The Euclidean distance between any pair of signal vectors is:

dr(nen) :Hsm _SnH :\/%89 |:(Anc _'Ahc)2 +(Ans _A15)2]
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o Quadrature amplitude modulation (QAM) (cont.)
o Several signal space diagrams for rectangular QAM:

M= 64
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o Multidimensional signals:

o We may use either the time domain or the frequency domain
or both In order to increase the number of dimensions.

o Subdivision of time and frequency axes into distinct slots:

-\_\+\-.

A
fo+4Af
o+ 3Af
f E.'J"l._.r T
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o Orthogonal multidimensional signals

o Consider the construction of M equal-energy orthogonal
signal waveforms that differ in frequency:

S (1) = Re[sIm (t)ejz’”ct], m=12,...,M, 0<t<T

= \/%I'E COS [272 f.t +27mAf t]

S (1) = ‘/z—geiZ”mAf L,m=12,..,M, 0<t<T
T

o This type of frequency modulation is called frequency-shift
keying (FSK).
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o Orthogonal multidimensional signals (cont.)
o These waveforms have equal cross-correlation coefficients:

B 2¢/T J‘T ai2z(m-k)aft 4y sinzT (m B k)Af 17T (m—k)Af

pkm o

2 Y0 2T (m—k)Af
P = 2\/3-7 J._isfkm (t)slk (t)dt
_ _sin|zT (m—k)Af | ) k
pr_Re(pkm)_ ﬂT(m—k)Af COS[”T(m k)Af]
~sin[24T (m -k )Af ]
27T (m—k)Af

o Note that Re(p,,)=0 when Af=1/2T and m#k. => Orthogonal

o The minimum frequency separation Af that guarantees
orthogonality is Af=1/2T.
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o Biorthogonal signals

o A set of M biorthogonal signals can be constructed from M/2

orthogonal signals by simply including the negatives of the
orthogonal signals.

o The correlation between any pair of waveforms is either p,=-
1 or O (1)

L

Signal space diagrams for M=4 and M=6 biorthogonal signals.
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o Simplex signals

o For a set of M orthogonal waveforms {s.,(t)} or their vector
representation {s} with mean of:

_ 1w
S_sz;sm

Simplex signals are obtained by translating the origin of the
m orthogonal signals to the point s .

s =s_ —s, m=12,..,M

o The energy per waveform is:

S, —§H2 =5—&g+ﬁg :gtl—ﬁj

12

m

S

7
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o Simplex signals (cont.) 0 A0
o The cross correlation of any sl 2 {‘%\Jz—s\

& Z

pall’ of Slgna|S IS. - : ;ol—l-—f](r) >~f‘(z‘)

UM
/

pmn H 1 l/M M=2 \ M=3

Nl
T M-1

o The set of simplex
waveforms is equally
correlated and requires less
energy, by the factor 1-1/M,
than the set of orthogonal
waveforms.

/8

S3

J3(0)

S4

Signal space diagrams for

M-ary simplex signals.
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o Introduction

o In this section, we consider a class of digital modulation
methods in which the phase of the signal is constrained to be
continuous.

o This constraint results in a phase or frequency modulator
that has memory.

o The modulation method is also non-linear.

o Continuous-phase FSK (CPFSK)

o A conventional FSK signal is generated by shifting the
carrier by anamount f =2Af | , I =£143,...,+(M -1),
to reflect the digital information that is being transmitted.

o This type (conventional type) of FSK signal is memoryless.
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o Continuous-phase FSK (CPFSK) (cont.)

o The switching from one frequency to another may be
accomplished by having M=2% separate oscillators tuned to
the desired frequencies and selecting one of the M
frequencies according to the particular k-bit symbol that is to
be transmitted in a signal interval of duration T=k/R seconds.

o The reasons why we have CPFSK: (or the defects of
conventional FSK)

o Such abrupt switching from one oscillator output to
another in successive signaling intervals results in
relatively large spectral side lobes outside of the main
spectral band of the signal.

o Consequently, this method requires a large frequency band
for transmission of the signal.
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o Continuous-phase FSK (CPFSK) (cont.)

o Solution:

o To avoid the use of signals having large spectral side lobes,
the information-bearing signal frequency modulates a single
carrier whose frequency is changed continuously.

o The resulting frequency-modulated signal is phase-continuous
and, hence, it is called continuous-phase FSK (CPFSK) .

o This type (continuous-phase type) of FSK signal has memory
because the phase of the carrier is constrained to be continuous.
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o Continuous-phase FSK (CPFSK) (cont.)
o In order to represent a CPFSK signal, we begin with a PAM

signal: d(t):Z|n9(t_”T)

o d(t) 1s used to frequency-modulate the carrier.

o {l.} denotes the sequence of amplitudes obtained by mapping
k-bit blocks of binary digits from the information sequence
{a,} into the amplitude levels +1,+3,---,+(M-1).

o g(t) 1s a rectangular pulse of amplitude 1/2T and duration T
seconds.
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o Continuous-phase FSK (CPFSK) (cont.)
o Equivalent low-pass waveform v(t) is expressed as

v(t)= \/2;9 exp{ [47sz j r)dz + ¢0}}

o 4 1s the peak frequency deviation, ¢, Is the initial phase
of the carrier.

o The carrier-modulated signal may be expressed as

s(t) :\/2?75(:08[27? fct+¢(t; |)+¢o}

where ¢ (t;1) represents the time-varying phase of the carrier.

83
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o Continuous-phase FSK (CPFSK) (cont.)
© p(t1)=4aTh, [ d(r)dr=4xTf, [ {Zlng (7 - nT)}d

n-1

=22f,TY I +2zf, (t-nT)1,  [NTSE(OHD)T
k=—c0

=6, +2zhl q(t'—nT) 0 (t'<0)

n—1 1 1 1
gn:ﬂhz|k/ / \Cl(t)= t'/2T (0<t'<T)
K——oo h=2de \]7/2 ('['>T)

o Note that, although d(t) contains discontinuities, the integral of d(t) is
continuous. Hence, we have a continuous-phase signal.

o 0, represents the accumulation (memory) of all symbols up to time nT .

o Parameter h is called the modulation index.

\
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o Continuous-phase modulation (CPM)

o CPFSK becomes a special case of a general class of
continuous-phase modulated (CPM) signals in which the
carrier phase Is

¢(t;|):27zzn: L.hg(t—kT), nT<t<(n+1)T

o when h,=h for all k, the modulation index is fixed for all symbols.

o when h, varies from one symbol to another, the CPM signal is called
multi-h. (In such a case, the {h,} are made to vary in a cyclic manner
through a set of indices.)

o The waveform q(t) may be represented in general as the
Integral of some pulse g(t), i.e.,

q(t)= [ g(r)dz
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o Continuous-phase modulation (CPM) (cont.)

o 1f g(t)=0 for t >T, the CPM signal is called full response CPM. (Fig a. b.)
o If g(t)£0 for t >T, the modulated signal is called partial response CPM. (Fig c.

d)

LREC, L=1, | o7
results in
CPFSK

LRC, L=1

(1)

86
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o Continuous-phase modulation (CPM) (cont.)

o The CPM signal has memory that is introduced through the phase
continuity.

o For L>1, additional memory is introduced in the CPM signal by
the pulse g(t).

o Three popular pulse shapes are given in the following table.
o LREC denotes a rectangular pulse of duration LT.
o LRC denotes a raised cosine pulse of duration LT.

o Gaussian minimum-shift keying (GMSK) pulse with
bandwidth parameter B, which represents the -3 dB
bandwidth of the Gaussian pulse.
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o Continuous-phase modulation (CPM) (cont.)
o Some commonly used CPM pulse shapes

1
0 (otherwise)
(1 27t
o LRC g(t)=<ﬁ(l_cosﬁj (0<1sLT)
0 (otherwise)
( T 1/2 T 1/2
> GMSK g(t)=<Q{2zB(t—Ej(ln2) }—Q{ZzB(HEj(InZ) }}
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o Minimum-shift keying (MSK).
o MSK is a special form of binary CPFSK (and, therefore, CPM) in which
the modulation index h=1/2.
o The phase of the carrier in the interval nT <t < (n+1)T is

o(t; 1) 2%72' ni |, + 71 q(t—nT)

K=—00

1 (t—nT

:Hn+§7zln j , nT <t<(n+T

o The modulated carrier signal is

s(t) = ACOS|:27Z' ft+6 +%7zln (t —TnT ﬂ

= ACOS|:27Z'(]CC +%Injt—%nnln +<9n} , nT <t<(n+)T
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o Minimum-shift keying (MSK) (cont.)

o The expression indicates that the binary CPFSK signal can be
expressed as a sinusoid having one of two possible frequencies in
the interval nT <t < (n+1)T. If we define these frequencies as

f—f+i
AT
f—f—i
AT

o Then the binary CPFSK signal may be written in the form

s ()= ACOS|:27Z' ft+6 +%n7z(—1)‘1} , =12
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o Minimum-shift keying (MSK) (cont.)

o Why binary CPFSK with h=1/2 is called minimum-shift
keying (MSK)?

o Because the frequency separation Af =f,—f,=1/2T, and Af
=1/2T is the minimum frequency separation that is necessary
to ensure the orthogonality of the signals s,(t) and s,(t) over a
signaling interval of length T.
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o Minimum-shift keying (MSK) (cont.)
o Compare the waveforms for MSK with OQPSK and QPSK (cont.)

—90° phase shift = +90° phase shift

OOOOOOOOOOOOO

lllllllllllllll
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o Minimum-shift keying (MSK) (cont.)
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o In most digital communication systems, the available
channel bandwidth iIs limited.

o The system designer must consider the constraints
Imposed by the channel bandwidth limitation in the
selection of the modulation technique used to transmit the
Information.

o From the power density spectrum, we can determine the
channel bandwidth required to transmit the information-
bearing signal.
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Power Spectra of Linearly Modulated Signals

Beginning with the form

s(t)=Re| v(t)e?™ |
where v(t) Is the equivalent low-pass signal.
Autocorrelation function

¢SS (T) — Re |:¢UU (T)ejZ”fCT :|
Power density spectrum
O _(f) :%[CDUU(f —f)+d, (—f - fc)]
First we consider the general form [ Random variable |

o(t) = Z Ing(t/n-r){ Deterministic ]

N=—00

where the transmission rate is 1/T = R/k symbols/s and {I .}
represents the sequence of symbols.
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o Autocorrelation function
b (t+rit) == E[u*(t)u(t +7)]

== Z ZE[I ]g*(t—nT)g(t+r—mT)

N=—00 M=-—o0

o We assume the {In} IS WSS with mean ; and the autocorrelation

function
gi(m) =Y E[ 111, ]

¢ (t+7;1) i i¢(m nNg (t—nT)gt+z—mT) letm'=m-n

i ig (t-nT)g(t+z—(m+n)T) letm=m’

i ig (t—nT)g(t+7—nT —mT)
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o The second summation

> g (t-nT)g(t+z—nT —mT)

IS periodic in the t variable with period T.

o Consequently, ¢ (t+t;t) is also periodic in the t variable with
period T. That is

g, t+T+7;t+T)=9¢ (t+7;1)

o In addition, the mean value of v(t), which is

E[o(t)]= E{i lng(t—nT)}ui i g(t—nT)

N=—o0 N=—o0

Is periodic with period T.
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o Therefore v(t) Is a stochastic process having a periodic mean and
autocorrelation function. Such a process Is called a cyclostationary
process or a periodically stationary process in the wide sense.

o In order to compute the power density spectrum of a cyclo-
stationary process, the dependence of ¢ , (t+1;t) on the t variable
must be eliminated. Thus,

w(r)_—jT/ 8, (t+7;t)dt
- Z ﬁi(m)iif{;g*(t—nT)g(Hr—nT—mT)dt

= Z g(M)Y = _[T/Z_Tg*(t’)g(t'+r—mT)dt’ (t'=t—nT)

n——oo
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o We Interpret the integral as the time-autocorrelation function o
g(t) and define it as

b (D) =] g (Mg (t+7)ct

o Consequently, ____—|convolution
— 1 o - ~
¢UU (T) = ? Z ¢ii (m)¢gg (T o mT)

o The (average) power density spectrum of v(t) is in the form

o, ()= = |G(F) @, (f)
T

where G( f) Is the Fourier transform of g(t), and ®;( f ) denotes
the power density spectrum of the information sequence

D,(F)= Yy (mye
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The result illustrates the dependence of the power density
spectrum of v(t) on the spectral characteristics of the pulse g(t)
and the information sequence {l.}.

That 1s, the spectral characteristics of v(t) can be controlled by (1)
design of the pulse shape g(t) and by (2) design of the correlation
characteristics of the information sequence.

Whereas the dependence of ®  (f) on G(f) is easily understood
upon observation of equation, the effect of the correlation
properties of the information sequence is more subtle.

First of all, we note that for an arbitrary autocorrelation ¢ ;;(m)
the corresponding power density spectrum @.( f) is periodic in
frequency with period 1/T. (see next page)
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o In fact, the expression relating the spectrum @;;( f) to the
autocorrelation ¢ ;(m) is in the form of an exponential Fourier
series with the { ¢ ;;(m)} as the Fourier coefficients.

T V7 j2nmT
gi(m)=T L/zT D, (T)e df
o Second, let us consider the case in which the information symbols
In the sequence are real and mutually uncorrelated. In this case,
the autocorrelation function ¢ ;(m) can be expressed as (applying
Chapter 2, page 96, z(t,,t,) = u(t, —t,) = u(z) = p(z) —m* )

ol +u (m=0)

¢;(m) = {Uiz (m #0)

where gf denotes the variance of an information symbol.
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o Substitute for ¢;;(m) In equation, we obtain It may be viewed as the
. exponential Fourier
O (f)= (m)ej2xmT series of a periodic
(1) m; #(M) train of impulses with
. each impulse having an
o ©° |2 2 —j2zfmT .
Zé(t—nTs):iZe’”“’st—ai T 4, Ze area 1T
N=—0o0 Ts N=—o0 Mm=—0o0
where a)s=2—7z =0, +ﬂ_u25(f_ﬂ)
LE T T
M=—00

o The desired result for the power density spectrum of v(t) when
the sequence of information symbols is uncorrelated.

o.(1)-5o(r)f +4 SIo(F ) o -7

M=—o0
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The expression for the power density spectrum is purposely
separated into two terms to emphasize the two different types of
spectral components.

The first term is the continuous spectrum, and its shape depends only
on the spectral characteristic of the signal pulse g(t).

The second term consists of discrete frequency components spaced
1/T apart in frequency. Each spectral line has a power that is
proportional to |G( f)|? evaluated at f = m/T.

Note that the discrete frequency components vanish when the
Information symbols have zero mean, i.e., u;=0. This condition is
usually desirable for the digital modulation techniques under
consideration, and it is satisfied when the information symbols are
equally likely and symmetrically positioned in the complex plane.
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o Example To illustrate the spectral shaping resulting from g(t),
consider the rectangular pulse shown in figure. The Fourier
transform of g(t) is

g0
A

G(f):ATsmﬂfT o ie T ,4
T

Hence : - -

i 2 (@)
sin T
G(f) = (AT) &t
‘ ( )‘ ( )[ 7sz j Zero ATy,

T v ey
(DUU( f ) — Giz AZT( AT j + Az:uizé‘( f ) Decays in\'/ersely as the

square of the frequency
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o Example As asecond illustration of the spectral shaping resulting
from g(t), we consider the raised cosine pulse

g(t) = A{Hcosi—”(t—%ﬂ, 0<t<T

Its Fourier transform is:
A sinafT oI

c(h)= 2 AT (- £2T2)

" SOF I nonzero

Decays inversely as the f 6 ( iy ”')2

- L L >
~yr -yr ot \wur) o \yr) wr  our oar ]

(a) (h)

<
ST
-
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o Example To illustrate that spectral shaping can also be
accomplished by operations performed on the input information
sequence, we consider a binary sequence {b,} from which we
form the symbols | =b +b_, E[XX]=E[X]E[X]

o The {b,} are assumed to be uncorrelated random variables,
each having zero mean and unit variance. Then the

autocorrelation function of the sequence {l,.} Is
¢ii (m) — E(In|n+m) =E [(bn T bn—l)(bn+m + bn+m—1) E[(Xi-())z]:]_

| E[bZ+2bb,,+b?, ] (m=0)
- 2 m=0
_ 4 E :br? + bnbn+1 + bn—1bn+l + bnbn—1:| (m = +1) — 1 ((m — i)l)
E|b)b,_, +b,_, +b2, +b b, , | (m=-1) 0 (otherwise)
E[bb,.,+0,b, 0 +b, 40, +b b, ] (otherwise)
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o Example (cont.)
Hence, the power density spectrum of the input sequence is

O, ()= i ¢; (m)e 1z

M=—00

=2(1+cos2x 1T)
= 4cos® 7 fT

and the corresponding power density spectrum for the (low-pass)
modulated signal is

o (1) =$\G(f)\2 cos? 2T
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