Ch5 exercises solution
[1]
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[2]
Paring the sequence by the rules of the Lempel-Ziv coding scheme we obtain the phrases 0, 00, 1, 001, 000, 0001, 10, 00010, 0000, 0010, 00000, 101, 00001, 000000, 11, 01, 0000000, 110, …
The number of the phrases is 18. For each phrase we need 5 bits plus an extra bit to represents the new source output.
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[3]
The marginal probabilities are given by

 
Hence,

 

  


[4]


The probability of message  is  
A Huffman code yields the codewords in the following table:
[image: ]

The source entropy is given by  

and the average wordlength is  

A source symbol rate of 250 symbols (samples) per second yields a binary symbol rate of 

and a source information rate of 


[5]
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[6]
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[7]
The capacity of the channel described by the transition probability matrix



[bookmark: OLE_LINK11][bookmark: OLE_LINK12][bookmark: OLE_LINK13]is easily computed by maximizing  

[bookmark: OLE_LINK4][bookmark: OLE_LINK5]The conditional entropy  can be written



[bookmark: OLE_LINK6][bookmark: OLE_LINK7]where 

For the given channel 




[bookmark: OLE_LINK8][bookmark: OLE_LINK9][bookmark: OLE_LINK10][bookmark: OLE_LINK14]so that  is a constant independent of . This results since each row of the matrix contains the same set of probabilities although the terms are not in the same order. For such a channel  and 



[bookmark: OLE_LINK15][bookmark: OLE_LINK16][bookmark: OLE_LINK17]We see that capacity is achieved when each channel output occurs with equal probability. Assume that  for all . Then  


[bookmark: OLE_LINK18]For each , 



Since  for all , , and the channel capacity is 


[image: ]  or  

[8]

 
the entropy at the quantizer output is 

 


Since the symbol rate is 500 , the information rate is  
[9]
For the fourth-order extension we have
[image: ]


The average wordlength  which is . The efficiencies are given in the following table:
[image: ]



[10]
(a) 




But, X and G are independent, so: , 


[bookmark: _GoBack](b)

 




Since Y is the sum of two independent, zero-mean Gaussian r.v’s, it is also a zero-mean Gaussian r.v. with variance: . Hence: . Also, since : 
Hence:
[image: ]




where we have used the fact that: , . From  and :
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Source Symbol P (-) Codeword
mo 0.19 11

me 0.17 000
ms 0.15 010
my 0.13 011
meg 0.11 100
ms 0.09 101

my 0.07 0011
mg 0.05 00100
me 0.03 001010
my 0.01 001011
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a. Suppose P(x;) = 1/4,¥i. Then : P(y1) = P(y1|x1)P(x1) + P(y1|xa)P(x4) = 1/4. Similarly
P(y;) = 1/4,j . Hence :

P( 112 112
Pl =318 T/1 T3 lo8 g = los2= 1

4 9
1Y) =3 Plyjlry) los —5
j=1

Similarly : T(245Y) = 1,i = 2,3,4. Hence this set of input probabilities satisfies the condition of
Probl. 7.1 and :
C =1 bit/symbol sent (bit/channel use)

b. We assume that P(z;) = 1/2, i = 1,2 Then P(yn) = § (3+%) = & and similarly P(y;) =
1/4, j = 2,3,4. Hence :
n
vy = Plyjle)) 1, 1/3 1, 1/6
l(flvy)f;l"(yy\rl)log Py = 23l 1y + 2glos gy = 00817

and the same is true for T(rg;Y). Thus :

' = 0.0817 bits/symbol sent
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c. We assume that P(x;) = 1/3, i = 1,2.3. Then P(y;) = %(%Jr%Jré) — % and similarly
P(y;) = 1/3, j = 2,3. Hence :

12
13"

13
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and the same is true for I(x9;Y"), I(x3;Y). Thus :

C' = 0.1258 bits/symbol sent
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Therefore the Kraft inequality is satisfied.
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1. The marginal distribution P(x) is given by P(x) =3, P(2,y). Hence,

H(X) =Y P(a)log P(x) ==Y > P(x,y)log P(x)
T x Yy

—> " P(a,y)log P(x)

Y
Similarly it is proved that H(Y) = =3, P(x.y)log P(y).

2. Using the inequality Inw < w — 1 with w = %, we obtain

P@)P(y) _ P)P(y)

"Bl S Py
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Multiplying the previous by P(z,y) and adding over 2. y, we obtain
> P(a,y)In Px)P(y) =Y Pla,y)In Pa,y) <> Pa)Py) = Y Pla,y) =0
Ty .y .y T,y

Hence,

H(X.Y) < =3 Ple.y)mP@)P(y) == Ple.y)(nP(z) + I Py))

Ty T,y
= =Y Ple,y)nP(z) =Y Pla,y)InPly) = HX)+ H(Y)
Ty Ty

Equality holds when % =1, i.e when X, Y are independent.
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HX)Y)=HX)+HY|X)=H(Y)+ HXJY)
Also, from part 2., H(X,Y) < H(X) + H(Y). Combining the two relations, we obtain
HY)+HX)Y)<HX)+HY)= HX|Y) < HX)
Suppose now that the previous relation holds with equality. Then,

7ZP(£L’) log P(2|y) = ZP(@)log P(x) = ZP(@)log( Plz)

P(xly)

However, P(x) is always greater or equal to P(2|y), so that log(P(2)/P(x|y)) is non-negative. Since
P(2) > 0, the above equality holds if and only if log(P(a)/P(x|y)) = 0 or equivalently if and only
it P(a)/P(x]y) = 1. This implies that P(x|y) = P(2) meaning that X and Y are independent.
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Dictionary | Dictionary | Codeword
Location Contents
1 00001 0 00000 O
2 00010 00 00001 O
300011 1 00000 1
4 00100 001 00010 1
500101 000 00010 O
6 00110 0001 00101 1
7 00111 10 00011 O
8 01000 00010 00110 0
9 01001 0000 00101 0
10 01010 0010 00100 0
11 01011 00000 01001 0
12 01100 101 001111
13 01101 00001 01001 1
14 01110 000000 01011 0
15 01111 11 00011 1
16 10000 01 00001 1
17 10001 0000000 01110 0
18 10010 110 01111 0
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Source Symbol P () Codeword

AAAA 0.6561 0

BAAA 0.0729 100
ABAA 0.0729 101
AABA 0.0729 110
AAAB 0.0729 1110
AABB 0.0081 111100
ABAB 0.0081 1111010
BAAB 0.0081 1111011
ABBA 0.0081 1111100
BABA 0.0081 1111101
BBAA 0.0081 1111110
ABBB 0.0009 111111100
BABB 0.0009 111111101
BBAB 0.0009 111111110
BBBA 0.0009 1111111110

BBBB 0.0001 1111111111
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