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5. 
We are giver a filter with the impulse response 


The frequency response of the filter is therefore
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The squared magnitude response is


Correspondingly, we may write
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image4.png
(a) In the problem statement, we are told that X(¢) has average power equal to 1. By Defini-
tion 10.16, the average power of X(7) is E[X2(1)] = 1.

(b) Since © has a uniform PDF over [0, 2],

_|ven 0sé<2n
f"(s)’{ 0 otherwise O}
‘The expected value of the random phase cosine is
EcosQnfit +©)] = [ cos2fet +6) foo (6) db &)
2 1
- L oS Lt +6)5-d 3)
= %sin(lnf‘l +OR )
= i (sinQrfet +27) — sin@7fet)) = 0 ®)

(¢) Since X (1) and © are independent,
E[Y(1)] = E[X(1) cos2nfet + ©)] = E[X(D] E [cos2fet +©)] =0 (6)

Note that the mean of ¥ (1) is zero no matter what the mean of X(¢) sine the random phase
cosine has zero mean.

(d) Independence of X (1) and © results in the average power of ¥ (1) being

E[Y (0] = E[X2(1) cos’2nfet + ©)] [}
= E[X*()] E [cos’2nfut + ©)] )
= E [cos’@nfit + ©)] ©)

Note that we have used the fact from part () that X (1) has unity average power. To finish the
problem, we use the trigonometric identity cos’ ¢ = (1 + cos 2¢)/2. This yields

E[Y*0]=E [% (1 + cosQm(2fo)t + 9))] =12 (10)

Note that E[cos(27(2/,)1 + ©)] = 0 by the argument given in part (b) with 2; replacing
e
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Since ¥ (1) = A + X (1), the mean of ¥ (1) is

E[Y@] = E[A]+ E(XO] = E4] + nx )
The autocorrelation of ¥ (1) i

Re(t,7) = E[(4+ X)) (4+ X(t + )] @

(4] + E[A] E[XO] + AE [X(t + 0] + E[XOX( + )] &)

= E[4] 4 2E [4] px + Re(r) @

‘We see that neither E[Y (1)] nor Ry (. 7) depend on 1. Thus ¥ (1) is a wide sense stationary process.




image6.wmf
(

)

(

)

exp,     0

0,                     otherwise

aattT

ht

-££

ì

ï

=

í

ï

î


oleObject4.bin

image7.png
H(f) = J':oh(z)exp(_jznft)dz
T
= joaexp(—az)exp(_jznﬁ)dz

= af;‘exp(—(a+j2ﬂ:f)t)dt
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T a+ j2nf

N a+]2ch

g [—exp(—(a+ j2mf)ely

_ a .
= m[l —exp(—(a+ j2nf)T]

a

(cos(27th) — 7sin(2wfT)).
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(a)

0= B[] = B[] - [‘H.'J < B (e
But, - o
(@) = pSlx = 1) 4 (1= PO(E) = () = 1+ p + pe*
=il = (1=p+ )"
(b)
) = =5t = Y i =
and

[t =gy = pe] = p st mplon — 1

n3p? - np(1 — p)
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The power spectral density of the random process x(t) is :

,.(f) = />o Gp(T)e AT = Ny /2.
The power spectral density at the output of the filter will be :
: . a2 No
Dy, (f) = Puu(F)H() = *\H( ols

Hence, the total power at the output of the filter will be :

ol =0 = [~ @ = [T G = 0B = NoB
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Hence :

3
P(A;) =Y P(Ai,Bj).i=1,23,4

=1

3
P(A) =Y P(A, B;) = 0.1 +0.08 4 0.13 = 0.31
j=1
3
P(As) = P(Ay, B;) = 0.05 4 0.03 + 0.09 = 0.17

3
P(A3) = Z P(A3, Bj) = 0.05+0.12 + 0.14 = 0.31

P(Ay) = Z P(Ay, Bj) =0.1140.04 4 0.06 = 0.21
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Similarly :
4
P(B) = Z P(A;, By) =0.10 +0.05+ 0.05+ 0.11 = 0.31

i=1

4
P(By) = Z P(A;, By) = 0.08+0.03+ 0.12 + 0.04 = 0.27

i=1

4
P(Bs) = Z P(A;, B3) = 0.13+0.09 + 0.14 + 0.06 = 0.42
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4
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The Cauchy r.v. has : p(z) = 55, —00 < x < o0 (a)

a2+a??

E(X) :/j:ozp(z)dz: 0

since p(x) is an even function.

a [~ 2?

E (X2) = /:: 22p(z)de = —

dx
T Jooo 22 + a?

Note that for large z, ﬁ — 1 (i.e non-zero value). Hence,

E(XZ) =00,02 =00
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The Cauchy r.v. has : p(z) = 55, —00 < x < o0 (a)

a2+a??
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(b)

v = B () = [~ s = [* o

This integral can be evaluated by using the residue theorem in complex variable theory. Then,

forv>0:
a/m

o) = o e _aw
s =2 ([HTe0) =

Forv <0:
U(jv) = =27 < a/ﬂi e’“) =™
r—ja e ja

Therefore :

d(jv) = e
Note: an alternative way to find the characteristic function is to use the Fourier transform
relationship between p(x),?(jv) and the Fourier pair :

1 ¢
M
T2+ f

c=b/2m, f=2mv
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